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Abstract 

We show the existence of Levy-type stochastic processes in one space dimen- 
sion with characteristic triplets that are either discontinuous at thresholds, or 
are stable-like with stability index functions for which the closures of the dis- 
continuity sets are countable. For this purpose, we formulate the problem in 
terms of a Skorokhod-space martingale problem associated with non-local oper- 
ators with discontinuous coefficients. These operators are approximated along 
a sequence of smooth non-local operators giving rise to Feller processes with 
uniformly controlled symbols. They converge uniformly outside of increasingly 
smaller neighborhoods of a Lebesgue nullset on which the singularities of the 
limit operator are located. 
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1 Introduction 

Levy processes, in particular processes with non-Gaussian characteristics, have been 
playing an increasingly important role in the modeling of natural phenomena in the 
recent decades. For instance, Ditlevsen [5] conducts a study of Greenland ice core data 
from the GRIP project which provide temperature proxies from a period of about 100 T 
years covering roughly the last terrestrial glacial period. In an attempt to find the best 
fitting one among models of dynamical systems perturbed by symmetric a-stable noise, 
he came up with a calibration in which a ~ 1.75 provides the best interpretation of the 
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data among these models. A look at the time series, however, reveals that symmetric 
a-stable noise is unrealistic as a modeling hypothesis, since jump characteristics seem 
to depend strongly on the positions from which jumps originate. This suggests that a 
more ample class of dynamical systems perturbed by stable-like Levy noise, i.e. with 
a space (a;)-dependent stability index function a(x) might provide a better modeling 
background. It has even been suggested to think about thresholds xq, below which 
roughly the noise acting on the system shows stable behavior with stability index a±, 
while above the threshold a possibly different stability index a 2 is observed. Similar 
questions have been asked in the context of the modeling of noise in hydrodynamical 
models for diffusion of water in porous media in which layers of different materials meet 
discontinuously at critical thresholds. 

Already on the level of the modeling of noise processes in space dimension one, 
these suggestions lead to considerable mathematical challenges. They trigger questions 
as: how to construct stochastic processes behaving like stable processes with different 
stability indices on the two sides of a threshold? This question was at the origin of the 
study conducted in this paper. The problem we will solve here may be posed in its 
most general form for one-dimensional stochastic processes in the following way: given 
a triple (a, b, v) with measurable functions a, b : R — > R with a > and a Borel measure 
valued measurable function K9i4 u(x, •); under which conditions on the smoothness 
of (a, b, v) will the triple be the characteristic triplet of a Levy-type process? 

The existence of a Levy-type stochastic process with characteristics of this type may, 
as usual in the theory of stochastic processes, be proved in different ways. The problem 
may be posed in terms of a stochastic differential equation in which the driving noise 
reflects the assumptions on a, b and v. Then one can proceed to show the existence of 
strong solutions, or more generally of weak solutions. One may, given the properties of 
a, b and u, define the associated unbounded non-local operator A and look for solutions 
of the the martingale problem on appropriate Skorokhod spaces of cadlag functions on 
R_i_. One may finally investigate questions related to the links between weak solutions 
and the solutions of the martingale problem. Our study below will be focused on the 
field of problems thus circumscribed. There has been some work in the literature dedi- 
cated to various aspects thereof. One may consult Bass [3] for an overview of solutions 
of stochastic differential equations driven by Levy processes with characteristic triplets 
with some relaxed smoothness, and a rich reference list. Bass j2] tackles problems of 
existence and uniqueness of Levy-type processes from the point of view of stochastic 
calculus and the theory of Markov processes, while Negoro [17] favors the approach 
via integral transforms and symbolic calculus with a more analytical touch. Tsuchiya 
[23] treats stable-like processes. Komatsu [15] and Stroock [22] show the existence of 
solutions for martingale problems of Levy-type operators, and investigate their well- 
posedness, either under the existence of a smoothing Brownian component, or other 
additional continuity hypotheses. Boettcher [I] uses tools of symbolic calculus to treat 
properties of Levy-type processes that are stable-like with discontinuous coefficients, 
while assuming (but not proving) the existence of strong Markov processes with these 
characteristics. Fukushima and Uemura [7J show how to approach Levy-type opera- 
tors by means of lower-bounded semi-Dirichlet forms, and this way obtain stable-like 
processes with coefficients that are smooth enough (see also Schilling and Wang [79]). 
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In our approach the characterization of Feller processes via generalizations of the 
Levy-Khinchin formula plays a crucial role. They are based on the theory of pseudo- 
differential operators (see Jacob [TO], [H], [12] )• In effect, they allow a representation 
of the non-local operators associated with Feller processes by a type of Fourier inver- 
sion formula in which the generalization of the characteristic exponent G M, of 
the Levy-Khinchin formula, the so-called symbol q(x,£),£,x G M, appears. It can be 
seen as a space (x)-dependent version of the exponent in the Fourier transform of the 
corresponding Feller process. Symbols carry important information about the related 
stochastic dynamics. In Schilling and Wang (20] their growth properties as functions 
of £, uniform in x, have been used to show the existence of transition densities for 
the associated Feller dynamics, and are seen to give upper estimates for their growth 
behavior. Our method of construction of the Levy-type processes solving at least the 
martingale problem for the associated operator A starts in a general framework. It is 
later shown to agree with both the scenario of Levy triplets that have a discontinu- 
ity at a fixed threshold, as well as with the one of purely stable-like behavior with a 
discontinuous stability index function. In our main approximation result Theorem 13.21 
we approach A by a sequence of operators (A„) neN which possess smooth coefficient 
triplets, and corresponding symbols (q n ) n m- As an essential ingredient of our method, 
we have to control the sequence of symbols uniformly in n in a similar manner as 
Schilling and Wang [20] control one symbol. In consequence we first obtain tightness 
of the unique solutions of the martingale problems (P n ) nS N associated with (A n ) ne ^. 
The approximation further has to guarantee that the singularities of A are contained 
in n m< zfqU m , with a decreasing sequence (U m ) me ^ of sets with asymptotically vanishing 
Lebesgue measure, and that the A n converge to A compactly uniformly on the com- 
plements of the U m . To deduce that a cluster point P of the sequence (P n )neN solves 
the martingale problem as well, on U m one uses once more the uniform bounds on 
the transition densities resulting from the control on the symbols. The construction of 
the appropriate sequences (A n ) neN and (U m ) me ^ in the two scenarios mentioned can 
be achieved. In case of the Levy characteristics that are discontinuous at a threshold, 
this is done in Theorem 14. 1L In this case, techniques developed in Kurtz [6] further 
reveal that the solution of the martingale problem also gives rise to a weak solution of 
the corresponding stochastic differential equation (Theorem 14. 2p . In case the closure 
of the set of discontinuities of the stability index function a is countable, Theorem 14.41 
provides the solution of the martingale problem. Results on uniqueness of solutions or 
well-posedness of the martingale problems considered, as well as the existence of strong 
solutions to stochastic differential equations studied have to be left to future work. 

The material of the paper is organized as follows. Section [2] contains summaries 
of the essentials about central concepts on function spaces, Markov processes together 
with their semigroups, generators and symbols, martingale problems on Skorokhod 
function spaces together with compactness criteria on spaces of probability measures. 
We recall essentials about Levy processes, in particular stable-like processes, and give 
an account of the relationship between solutions to martingale problems and weak solu- 
tions of stochastic differential equations. In section [3] we provide the general existence 
theory for martingale problems associated with singular operators. In section H] finally, 
the general existence theorem is applied to the scenarios of discontinuous Levy char- 
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acteristics at a threshold in space, and to stability index functions with discontinuity 
sets possessing countable closures, to show existence of solutions for the martingale 
problem and weak solutions of related stochastic differential equations. 



2 Theoretical background 

2.1 Function spaces, norms and notations 

If for (JeNwe deal with Euclidean space R d or C, then (•, •) denotes the scalar product 
and || • || the Euclidean norm. For the open ball of radius r > centered at x G M. d we 
write B d (x). We omit the superscript for the dimension, if it is clear from the context. 
The closure of a set A in a topological space will be written A, and A c will denote 
its complement. On function spaces || • ||oo will be the uniform norm. We consider 
the following subspaces of M(R d ), the space of Borel measurable functions from R d 
to R. B(R d ) is the space of bounded measurable functions. By C (M. d ) we denote the 
space of bounded continuous functions. More generally, for every metric space E, we 
write C(E) for the space of bounded continuous functions from E to R. By C (R d ), 
k G N U {oo}, we denote the space of functions with continuous partial derivatives of 
order up to k, and by C^(R. d ) the linear subspace of those functions that in addition 
have compact support. C^°(R d ) will also be called the space of test functions. 
C (R d ) symbolizes the space of continuous functions satisfying 

lim f(x) = 0, (2.1) 



\\x — >oo 



»1 , 



while C (R ) stands for the space of bounded continuous functions with bounded con- 
tinuous partial derivatives of first order. 

For deNwe call an element a = (ai, . . . , ad) G Nq a multi- index and we introduce 
the following notation: for x = (x±, . . . , Xd) G R d and a G Nq, we write 

x a :=x? ■ ... -xf, (2.2) 

and analogously for a G Nq and the composition of partial derivatives d Xi := 

d a :=d a x l...dZ. (2.3) 

We introduce the Schwartz space iS(R d ) by 

S(R d ) ■= {/ g C°°(R d ) | Va,/3 G N d : sup \x a d^f{x)\ < oo}. (2.4) 

The Borel sets of a metric space E are written 13(E). For a set A we will denote by 

1a the indicator function of A. For equality in distribution we will use the symbol =. 
For the induced distribution of a random variable X on a probability space (Q, E, P) 
taking values in a measurable space (E,£) we will write ¥ X (A) := ¥ (X G A) , A G £. 
For basic probability results like the Portmanteau lemma or the continuous mapping 
theorem we refer to [T5] . We will write D R d([0, oo)) for the space of cadlag functions 
from M. d to R equipped with the Skorokhod topology (for a definition and properties of 
this space see chapter 3, [6]). If not stated otherwise, we will assume that a stochastic 
process takes its values in R d for some dsN. 
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2.2 Criteria for relative compactness 

In the following we consider the canonical process X = (X t ) t > on D R d([0, oo)) and a 
sequence of probability measures {P™} n >i C V(D^d([0, oo))). 

Proposition 2.1. Let {Ftjt^o denote the canonical filtration of (X t ) t > . The sequence 
{P n }„>i is relatively compact, if for all t > 0: 

lim supP n ( sup \\X S \\ > K' ) = 0, (RKl) 

K '- > » n>l \s<t J 

and for allT > there exists a family of non-negative random variables {7n(5)} n >i ; o<5<i 
such that 

E n (\\X t+s - X t \\ 2 \F t ) < E n ( 7 n(5)|^) (RK2) 
for < t < T, < s < 5, and 

limsupE n ( 7ri (<5)) = 0. (RK3) 

Proof. This is a special case of theorem 8.6 with remark 8.7, chapter 3 in [6]. □ 

The following result relates the relative compactness of sequences of distributions 
{P n } n >! C V (D R d ([0, oo))) to the relative compactness of sequences of distributions 
{(P ra o/(X) _1 )} n >i for / G C^(R d ), where PoF" 1 denotes the law of the random map 
Y under the probability measure P. 

Proposition 2.2. Let {P n } n >i be a sequence of probability measures on D R d([0, oo)). 
Assume condition (IRK II) is satisfied. Then {P n } n >i is relatively compact if and only if 
for all f G C , ^ (]R d ) the sequence {(P™ o /(X) _1 )} n >! is relatively compact. 

Proof. See Theorem 9.1, chapter 3, [5]. □ 

2.3 Markov processes, semigroups, generators and symbols 

We give a quick reminder of the concept of semigroups arising in the study of Markov 
processes. Let (L, || • ||^) be a Banach space and L C B(M. d ). 

2.3.1 Semigroups of operators 

A family of bounded operators (T t )t>o on L is said to be a semigroup if it satisfies for 
all t, s > the conditions To = id^ and T t+S = T t oT s , where idi is the identity operator 
on L. We say that (T t ) t>0 is strongly continuous, if limT 4 / = / for all / G L. (T t ) t>0 

will be called a contraction semigroup if ||T t ||^ < 1 for all t > and positive if for all 
t > and / > the inequality T t f > holds. 

Definition 2.3. A positive strongly continuous contraction semigroup (T t ) t > on (Co(M. d ), 
| |oo) will be called a Feller semigroup. 
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A Feller semigroup can be uniquely extended to a semigroup (T t ) t >o on B(R d ). If 
T t l = 1 for all t > 0, then (T t ) t > is conservative. 

In the following we will write T>(A) for the domain of a possibly unbounded operator A 
between normed spaces and we will sometimes write the operator as (A, D(A)). Further 
we denote by IZ(A) the range of A. We say that A is an operator on a Banach space 
L, if V(A),K(A) C L. Let (A,V(A)) be an operator on L and G C V(A). The 
restriction A\ G of A on G is defined as A\ G f := A/, / G G and £>(A| G ) := G. Let 
(A 1 ,T>(A 1 )), (A 2 ,T>(A 2 )) be two operators on the Banach space L. If £>(Ai) C P(v4 2 ) 
and -A2|d(Ai) = we sa y that ^2 is an extension of Ai on L. 

For an operator A on L we denote by £7(^4) := {(/, Af) G L x L \ f G the graph 

of A. If £7(A) is closed in the product topology of L x L, we say that A is closed. The 
smallest closed extension of an operator A is called its closure A. 

Definition 2.4. Let (T t )t>o be a semigroup on L. We define its (infinitesimal) gener- 
ator A as follows: 

Af := lim Ttf - - (2.5) 

for all f G T>(A). Here T>(A) is the set of all f G L for which the limit exists in a 
strong sense. 



2.3.2 Markov processes 

We will work with the concept of universal Markov processes (see [12] ). In the study 
of universal Markov processes a semigroup appears in a natural way. For t > we 
consider 

T t f(x):=E*(f(X t )),xeR d , for all / G B(M. d ). (2.6) 

One can show that (T t ) 4 > is a positive contraction semigroup for every universal 
Markov process (X t ) t > . In certain cases one can also construct, starting from a given 
semigroup, a universal Markov process with this particular semigroup. 

Theorem 2.5. Let (T t ) t > be a conservative Feller semigroup. For every \l G V(M. d ), 
there exists a stochastic process (Q, J 7 , W, (X t ) t > ) such that 

P^(Xo G T) = /i(T) for all T G B(R d ) (2.7) 

and 

TJ(X t ) = E» (f(X t+s )\X t ) for all f G C (R d ). (2.8) 

Such a process will be called Feller process. Its finite dimensional distributions are 
uniquely defined by the semigroup (T t ) t > and [i. 

Proof. See theorem 2.7, chapter 4, [6] and theorem 1.6, chapter 4, [6]. □ 

Furthermore the Feller processes associated with a given Feller semigroup and the ini- 
tial distributions 8 X , x G R, form a universal Markov process (corollary 3.4.10 p2]). One 
can always assume that a modification of the Feller process with paths in D^d([0, 00)) is 
given (theorem 3.4.19, [12]). This means that we can work in the setting of a canonical 
process on D m d([0, 00)) to study Feller processes. 
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2.3.3 Symbols of Feller processes 

A useful approach to the study of the generator in case it is a pseudo-differential 
operator is to study its symbol. Let A be a generator of a Feller process with C£°(R d ) C 
T>(A). Then the restriction of A on C£°(R d ) is a pseudo-differential operator, given by 

A f{x) = - f e^q^OfiZH for / 6 C c °°(M d ), (2.9) 

where / denotes the Fourier transform of / described by /(£) := J e~^ x '^' f(x)dx, £ G 
]R d . The function q(-, •) : IR d x IR d — > C is called the symbol of the operator A. 
The use of the symbol in the study of Markov processes has been an active area of 
research in the past years. A detailed exposition of the approach can be found in 
[ID] , [H] , P~2] • Especially in the case of Feller processes the approach seems to be a very 
efficient one. In the following we summarize some results, which we will use in our 
proofs. We start by stating a bound on the maximal deviation of a Feller process from 
its starting point before time t. 

Proposition 2.6. Let ((X t )t>o, P x ) be a Feller process in M. d with generator (A, T>(A)) 
and starting point x G IR d , such that C^°(M. d ) C T>(A). We denote its symbol by q. 
Assume there exists C > such that for all (6l d 



(2.10) 



ll?(-,0IU<tf(l + ||£|| 5 
q(;0)=0. 

Then for all K' > and t > we have 

P*(bup||X«-x|| >K') <Ct sup ||g(-,0lloc (2.11) 

\s<t J £,<X/K> 

Proof. See Proposition 4.3, [2U]. □ 

The next result will be very important for our proofs, since it allows us to show the 
existence of a transition density of a Feller process and bound it explicitly in terms of 
the symbol. 

Theorem 2.7. Let ((X t ) t > ,F) be a Feller process with generator (A,T>(A)), such that 
C^°(M. d ) C T>(A). Then A\ c ^^d^ = —q(-,D) is a pseudo-differential operator with 
symbol q. Assume that q satisfies the properties: For some C > and for all (6l d 

||g(-,0llco<C(l + ||£|| 2 ) and g(-,0)=0. (2.12) 

If moreover 

inf Re q(z,£) 

lim z f — — = oo, (2-13) 

IKII-oo log(l + Hfll) v ; 

then the process (X t ) t > has a transition density p(t,x,y),t G [0,oo),x,y G with 
respect to Lebesgue measure and the following inequality holds for t > 0: 

sup p(t,x,y) < J exp Re Q{ z ^)] d £- ( 2 - u ) 
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Proof. See Theorem 1.1. [20]. □ 

In case the canonical process (X t ) t > is a Levy process under P, the symbol is 
independent of x and the conditions reduce to 

lim - R i e9( ^„, =00. (2.15) 



We will call this condition the Hartman- Wintrier condition. In [5] Hartman and Wint- 
ner showed that this condition is sufficient for a Levy process to possess a continuous 
transition density in C*o(lR d ) (a discussion and an extension of this result can also be 
found in [T4]). 

We will also use the following theorem, which provides us with a way to construct 
Feller processes starting with symbols of Levy processes (continuous negative definite 
functions with c = 0). We denote by M T the transposition of a matrix M. 

Theorem 2.8. Let q : R d x R d -> C be a function of the following structure: 

q(x,0 = ^(<f (x)£),x G e M d , (2.16) 

where ip : W 1 — > C is a continuous negative-definite function with c = and : M. d — > 
M. dxn is bounded and Lip schitz- continuous. Then there exists a probability measure P 
under which the canonical process is Feller, such that the generator (A,T>(A)) satisfies 
C™(R d ) C V(A) and A has the symbol q. 

Proof. This is Corollary 3.7,[2T]. □ 

We finish this section by pointing out that if the canonical process is Feller under 
P, such that the conditions of theorem 12.71 are satisfied, it is a strong Feller process, i. 
e. its semigroup maps bounded measurable functions to continuous bounded functions. 
In this case, one can write the symbol also as (see section 3.9, 



q(x,0 = - lim— i '- . (2.17) 

t-to t 

This gives a probabilistic interpretation of the symbol (so far defined entirely in analytic 
terms) . 



2.3.4 Levy processes 

Levy processes can be identified by the characteristic functions of their increments via 
the Levy-Khinchine formula. To briefly recall its main features, we first introduce the 
concept of a continuous negative-definite function. 

Definition 2.9. A function q : M. d — >• C is continuous negative- definite if it can be 
written in the form 

?(0 = c-t<&,O + 5&a£>- J {e 1 ^ - l-i{tv)^{y)>{dy) (2.18) 

K d \{0} 
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with c > 0, b G M. d , a G M. dxd a positive-semidefinite symmetric matrix and v a measure 
on i3((M d \{0}) satisfying 



This measure will be called Levy measure. 

One can extend the definition of v to the whole of M. d by assuming ^({0}) = 0. It is 
known that every Levy measure is a- finite. 

In the following lemma we summarize some properties of continuous negative-definite 
functions from the literature. 

Lemma 2.10. Let q be a continuous negative-definite function. We have 

• q is continuous, 

• there exists C > 0, such that for all £ G R d : \\q(£)\\ < C i l + Uf), 

• 9(0) = i/c = 0, 

• Reg(0 > for all £ G M. d . 

Proof. The first property follows from Theorem 3.7.7 in [10], the second from Lemma 
3.6.22, [10], the third one is trivial, while property four follows from 1 — cos((£, y)) > 
for all y, £ G R d . □ 

We now recall the Levy-Khinchine formula. 

Theorem 2.11 (Levy-Khinchine formula). Let (L t ) t > be a Levy process taking values 
in M. d . Then for allt > the characteristic function of L t is of the form 



where q is a continuous negative-definite function with c = 0. This function uniquely 
determines the finite- dimensional distributions of (L t )t>o- We call (b,a,v) the charac- 
teristic triple of the process. 

Proof. Theorem 1.2.14 and theorem 1.3.3 in [TJ, can be adapted to our notations. □ 

We call q the characteristic exponent of the Levy process. A Levy process is a Feller 
process (see theorem 3.1.9 [T]). So every Levy process gives rise to a Feller semigroup. 
We are interested in the structure of its generator and symbol. The following theorem 
provides some information. 

Theorem 2.12. Let (L t ) t > be a Levy process with characteristic exponent q and Levy 
triple (b,a,v). Let (T t )t>o be the associated Feller semigroup and A its infinitesimal 
generator. 




(2.19) 



R d \{0} 




(2.20) 
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1. For every f G S(M. d ), x G IR d , we have 

Af(x) = - J e^qiOHm- (2-21) 

Hence A is a pseudo-differential operator with symbol q. 

2. For every f G <S(M d ), x G M. d we have 

Af(x)=(b 1 Vf(x)} + 1 - ^Adjf(x) 

l<i,j<d 

, " " (2.22) 

+ J (f(x + y)-f(x)-(y,Vf(x))l^ m (y))u(dy). 

R d \{0} 

Proof. This is included in Theorem 3.3.3, [1]. □ 

Another representation of Levy processes is contained in the Levy-Ito decomposition. 
Here we use concepts from the Appendix Let A denote the Lebesgue measure on 
R d . 

Theorem 2.13. Every Levy process (L t )t>o with Levy triple (b, a, v) can be written in 
the following way: 

t t 
L t = bt + B? + J J x£(ds,dx) + J J x£(ds,dx),t>0, (2.23) 

||x||>l ||x||<l 

where (B t ") ( >o is a d- dimensional Brownian motion with covariance matrix a, £ is an 
independent Poisson random measure on [0, oo) x M. d with intensity measure A <S> v 
and £ is the corresponding compensated Poisson random measure. Conversely let a d- 
dimensional Brownian motion (B^) t > with covariance matrix a, an independent Pois- 
son random measure £ on [0, oo) x IR d with intensity measure A ® v and corresponding 
compensated Poisson random measure £ be given. Then f 1 2 . 2 3 1) defines a Levy process 
with Levy triple (b, a, v). 

Proof. This is Theorem 2.4.16 in [I]. □ 

For < a < 2 and C > we define the (one-dimensional) symmetric a-stable 
process as the Levy process with characteristic exponent C|£| Q . Its generator can be 
written for an h > as 

/h 
{f{x + y)~ f{x) - ydJ{x)l { _ imQ} {y))—^dy, x G R, (2.24) 



for / G C C 2 (M) C V(A a ). C is then equal to 



C= I (l-oos(y))g^dy, (2.25) 



and one can choose h, such that C — 1. In this case q(£) = |£| Q , £ G 
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2.3.5 Martingale problems 



For a right-continuous Markov process ((X t ) t > Q , P) with generator A and / G T>(A) the 
process 

f(X t ) - f(X ) - J Af(X s )ds J (2.26) 
v o / t >o 

is a P-martingale with respect to the canonical filtration of {X t ) t > (see proposition 1.7, 
chapter 4, [5]). A question often posed in the literature is the following: can one find 
a stochastic process, such that the above condition for a certain operator (A,T>(A)) 
is satisfied for all / G T>(A)7 This is formalized in the statement of the martingale 
problem. 

Definition 2.14. Let (A, V(A)) be an operator on B(R d ) and v G V(R d ). We say that 
a stochastic process (X t )t>o with right- continuous paths is a solution of the martingale 
problem associated with A and the probability measure P ; if for all f G T>(A) 




f(X t ) - f(X ) - J Af(X s )ds j (2.27) 



is a ¥ -martingale with respect to the canonical filtration of (X t )t>o and Xq has distri- 
bution v. 

If (X t )t>o is the canonical process we will also say that P solves the martingale prob- 
lem. We say that the process (X t ) t > solves the D R d([0, oo))-martingale problem with 
respect to a probability measure P, if the paths of (X t )t>o are in D R d([0, oo)). The 
martingale problem is well-posed in D R d([0, oo)), if for every initial distribution there 
exists a solution, which is unique in its finite-dimensional distributions. In the case of 
well-posedness one can see that the solutions with respect to the initial distributions 
S x , x G M. d , constitute a universal Markov process. 



2.4 Stable-like processes 

Stable-like processes extend the class of symmetric a-stable processes to space-dependent 
stability index functions. The idea is to consider processes associated with the symbol 

q(x,0 = \^\ a{x \xeR^eR. (2.28) 

The generators of such processes can be expressed by 

A a f(x):= J (f{ x + y)-f( x )-ydj(x)l [ . ltl]m {y))^^^dy, x G R, (2.29) 

R\{0} 

with T>(A a ) = Cc(M) and a : M — > (0,2) measurable. It is possible to choose h such 
that 



1= / (l-«**)p^y. (2- 3 °) 
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We see that q a is the symbol of A a . Existence and uniqueness of the solution of a 
martingale problem associated with A a have been treated in [2|. 

Theorem 2.15. For a coefficient function a G (7 X (R) which satisfies 

< inf a(x) < supa(x) < 2, (2.31) 

the £)r([0, oo)) -martingale problem associated with A a is well-posed and TZ(A a ) C 
C(R). 

Proof. This is Corollary 2.3, [2] and Proposition 6.2,(2]. □ 

Theorem 3.3 of [20] extends this result by stating that the solution of the martingale 
problem is a Feller process and that the closure of A a is the generator of that Feller 
process. 



2.5 Equivalence of solutions of stochastic differential equa- 
tions and martingale problems 



In this section we recall results from [16] adapted to our needs. We restrict ourselves to 
the situation of processes in R, but the results can be stated in R d too. We denote by A 
the Lebesgue measure on R. We will use results from the Appendix [C] in the following. 
Let (B t ) t >o = (Bt, . . . , B™) t > , m > 1, be an m-dimensional standard Brownian motion, 
(Pt)t>o a Poisson point process on the measurable space (S, S) with intensity measure \x 
independent of (B t ) t > . The Poisson random measure associated with (j>t)t>o is denoted 
by £. Let /, G M(R), 1 < % < m, g G M(R), h be a measurable function from R x S to 
R. Now we consider the stochastic differential equation 



t 

m 



X t = X + J fi(Xs)dBi + J g(X s )ds 

1=1 

t 

+ J J h(X s -,y)i(ds,dy) ^ ^ 



Bf(0) 
t 



+ / / h(X s -,y)£(ds,dy). 



Bf{of 

Under the assumption that all terms are well-defined, we say that a weak solution of 
this stochastic differential equation is the specification of a filtered probability space 
(Q, J 7 , (J r t)t>o, I s ); an Tridimensional standard Brownian motion (B t ) t > , a Poisson point 
process (pt)t>o on S with intensity measure \x and associated Poisson random measure 
£, which is independent of (B t )t>o, and a stochastic process (X t )t>o, such that all three 
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processes are (J r f )-adapted and (12.321) holds P-almost surely. We often call the process 
(X t ) t > by itself a weak solution of the SDE. Now we consider operators of the form 

Af(x) = ^a(x)d 2 J(x) + b(x)d x f(x) 

f (2.33) 
+ / {f(x + y)- f(x) - yd x f(x)l-g l{0) (y))r](x, dy), x E R, 

k 

for / G C*(R), where b E Af(R), a E M(R), a > 0, and for every x E R r/(x, •) 
is a Levy measure. Further we assume that there exists a complete separable metric 
space (S,d), a a- finite measure v on B(S), the Borel-a-algebra of S, and functions 
C : R x S -> {0, 1} and 7 : 5 ->■ R such that 

v ( x , r) = y CO*, u)lr(7(w)M<*w), r G S(R),i G R. (2.34) 
s 

We also assume that £? can be written as a disjoint union of sets Si and 5*2 which satisfy 

l5 l(0 )(7(«)) = IftH (2.35) 



Si s 2 
for all x G R. Then we can express the operator defined in f!2.33j) by 

Af(x) = l -a(x)d 2 J(x) + b(x)d x f(x) 



+ y C(x,u) (f(x + j(u)) - f(x) -j(u)d x f(x)l Sl (u))u(du), xE 
s 

We are interested in the type of SDE 



(2.37) 



t t 



III, n n 

X t = X + J2 < X s)dB's + / b(X s )ds 

i— 1 n n 




t 

+ J J C{X s -,u)^{u)i{ds,du) (2.38) 

Si 

t 

5 2 

where a = (01, . . . , <r m ) is chosen, such that a = ||cr|| 2 and the Poisson random measure 
£ has intensity measure A <S> za The following theorem states that a solution of a 
-Dr([0, oo))-martingale problem associated with A is equivalently a weak solution of 
the above stochastic differential equation. 



13 



Theorem 2.16. Let A be an operator of the form ( 12.370 with T>(A) = C£°(R) and 
7Z(A) C B{R) such that for every compact set K ct we have 



sup |a(x) | + + / ^(x,u)^(u) v(du) + / u)|7(«)| A lv(du) ] < oo. 
xeK \ 7 J 

Si s 2 

(2.39) 

T/ien every solution of the Db( [0, oo)) -martingale problem is also a weak solution of 
the SDE flZ3g) . 

Proof. Theorem 2.3, [16], shows the statement for ©(A) = C^(M). But an inspection 
of the proof shows that it is valid as well for T>(A) = C%°(M.). □ 
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3 An existence theorem for martingale problems 



In order to deduce the existence of a solution to related martingale problems, we will 
need some relative compactness of the laws of Feller processes. For this purpose it will 
be instrumental to have a criterion in terms of the symbols. 



3.1 Relative compactness of sequences of distributions of Feller 
processes 

Proposition 3.1. Let {P n,i/ } n >i be a sequence of probability measures for which the 
canonical process is Feller with initial distribution v £ V(M. d ) and corresponding gen- 
erators {A n } n >i. Let C^°(R d ) C T>(A n ) for all n > 1, and suppose that the processes 
possess the symbols {q n } n >i- Assume that the following conditions are satisfied for a 
C > and for all £ £ R d :~ 

9 n (.,0) = for all n> 1, (Al) 
sup||^(-,Olloo < C(l + |K|| 2 ), (A2) 



n>l 



limsup||g ri (-,e / )lloo = 0. (A3) 

n >i 

Then the sequence of distributions {P n '^} n >i is relatively compact. 

Proof. For our proof we use proposition 12.21 First we show condition (IRKip with the 
help of proposition 12.61 In fact, 

lim limsuppW sup ||X S || > K ) =0,t> 0. (RKl) 

K^oo n^oo \s<t J 

This holds for t > 0, because for K > 
P^fsupHXj > K 



<F n ' u ( \\X \\ < K/2 ; sup ||X S || > K ) +P n ' iy (||X || > K/2) 



s<t 



< sup P n ' x sup||X s || > K +P n ^(||Xo|| > K/2) 

\\x\\<K/2 \s<t J 

< sup P n ' x Ysup \\X S - x\\ > (K - \\x\\) + ) + ¥ n ' u (\\X \\ > K/2) 

\\x\\<K/2 \8<t J 

< sup Ct sup ||g n (-,0lloo + P n -(||X || > K/2) 

\\x\\<K/2 £,<l/{K-\\x\\)+ 

<Ct sup ||^(-,e)IU + P^(||X || >K/2). (3.1) 

i<2/K 

Here we have used proposition 12.61 with K' = (K — ||x||) + . Furthermore we see by 
condition (1A3[) . that the first term of the last line tends to zero uniformly in n for 
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K — > oo. Finally, we use the fact that the second term also tends to zero uniformly in 
n for K — > oo, since the initial distribution is common to all probability measures. So 
we have proved condition (IRKip . 

To show relative compactness of the distributions {(F n,u o /(X) _1 )} n >i for a fixed / G 
C%°(M. d ) we use proposition 12. II Condition fIRKlj) is trivially satisfied by boundedness 
of /. Now we prove conditions (IRK2j) and (IRK3D . 

For n > 1 we write (J"i)t>o for the canonical filtration of (X t ) t > . For < s < 5 < 1 
and n > 1 we have 

E n '»((f(X t+s )-f(X t )) 2 \F t ) 
= {f\X t+s ) - f(X t )\T t ) 

-2f(X t )E^(f(X t+s )-f(X t )\T t ) 

t+s 

A n f\X u )du\F t 




(3.2) 



t+s 

A n f{X u )du\F t 

3o|l^ n /||oO 
ll/| n fll ^ 

OO || J || oo ) 



where we have used the fact that (F n ' u ) is a solution of the martingale problem for A n 
and /, f 2 G V(A n ). Furthermore we notice that (J r t)t>o is finer as a filtration than the 
canonical filtration of (f(X t )) t > . Therefore the inequality holds also for the coarser 
filtration. We note that j n (5) is simply a deterministic random variable. To bound 
7n(5) we use the fact that for / G C™(M. d ) for all n > 1, x G M. d we have 



\A n f(x)\ = |— I e^'VM/mi 



< j^ym I 1 C(i + \\t\\*)\fXtM. 



(3.3) 



This follows from hypothesis flA2j) . where C > can be chosen independently of 
x and n. The integral is finite, because / as a Fourier transform of an element of 
C£°(M. d ) belongs to the Schwartz space iS>(IR d ) and the Schwartz space is closed under 
multiplication by a polynomial. Therefore we obtain 

lim sup 7 n (5) 
= limsu P 5(P"/ 2 ||oo + 2||/|| 0O |bA'\f||oo)) 

<5-s>0 „>i 

" , , (3-4) 

< lim sup 5( / C(l + ||eH 2 )ll)l/ 2 (0|de + 2II/IU / C(l + ||ei| 2 )ll)l/(0K) 

n>l 7 7 

= 0. 
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So conditions flRK2|) and flRK3|) follow and the distributions {(F 1 -" o /(AT)- 1 )}^! 
are relatively compact for every / G C^°(M d ). By proposition 12.21 the sequence of 
distributions {(P n,1/ )}n>i is relatively compact too. We note that as a by-product of our 
proof we have shown the uniform boundedness of {A n f} n >i for each / G C£°(R d ). □ 



3.2 An existence theorem 

The following theorem is our central result. It provides the existence of a solution of 
the martingale problem in sufficient generality to be applicable in different scenarios 
in the following sections. We denote by A the Lebesgue measure on M. d . 

Theorem 3.2. Let {(P n )} n >x be a sequence of probability measures for which the canon- 
ical process is Feller with corresponding generators (A n ,T>(A n )), and identical laws of 
X . Let C%°(M. d ) C T>(A n ) for all n G N, and write {q n } n >i for the sequence of their 
symbols. The conditions flAlfl . (1A2j) . and (1A3I) are assumed to hold for the symbols. 
Furthermore assume 

inf Req n (z, £) 

lim inf ^ — = oo. (A4) 

|K||->oon>l log(l+ 

Let (A,T>(A)) be an operator on B(M. d ) with T>(A) C T>(A n ) for all n > 1. Assume 
that there exists a sequence {U m } m >i of open sets, such that for all m > 1 



lim A(t/ m ) = 0, E/ m+1 C C/ m ; (Bl) 

lim sup \(A n -A)f(x)\ =0 for all f eV(A). (B2) 

n_K> °xGS^(oyn(c/ m ) c 

TTjen t/ie D R d([0, oo)) -martingale problem associated with A has a solution for every 
initial distribution. 

Proof. By proposition 13.11 and conditions flAlj) . flA2l) . flA3j) we see that the sequence of 
distributions {P"} n >i is relatively compact. So without loss of generality we can assume 
that it is weakly convergent. For every n > 1 the process P n solves the D R d([0, oo))- 
martingale problem associated with v4 n with respect to the canonical process. We write 
P for the weak limit of the sequence, and intend to show that P is a solution of the 
D^d([0, oo))-martingale problem associated with A. This amounts to showing for all 
/ G V(A) that 

f(X t ) - f(X ) - J Af(X s )ds J (3.5) 

o / t>0 

is a P-martingale with respect to the filtration generated by (X t )t>o- This is equivalent 
to the condition that 



= E 



(f(X tj+1 ) - f(X t .) - j Af{X s )ds)\[h k {X-, 

\ i k ^ ) 



(3.6) 
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for all j G N, < t x < . . . < tj < t j+ i and / G V(A),h u . . . ,hj G C(R d ). We assume 
in the sequel that U, 1 < % < j + 1, belong to := {t > | P (X t = X t _) = 1}. 

We infer from lemma 7.7 and theorem 7.8 from chapter 3 [B] that D(X) is countable 
and the finite dimensional distributions of (X^) t > 0jt eD(X) converge weakly to those of 
(X t )t>o,teD(x)- So by the right continuity of 



/ 



E 



(f(X tj+1 )-f(X tj )- j Af(X s )ds)f[h k (X th 

r k=i 



V 



\ 



7 



(3.7) 



considered as a function of a single family tj, 1 < % < j + 1, we can assume again 
without loss of generality that the ti, 1 < i < j + 1, lie in D(X). First we write 



E 



/ 



\ 



Af{X s )ds 



\ 



\h k (X tk 



J 



k=l 



E((f(X tj+1 )-f(X tj ))f[h k (X-, 

\ k=l 

<J+1 / j \ 

J ElAf(X s )f[h k (X tk )\ds, 



(3.8) 



where we have used Fubini's theorem and the linearity of the expectation. We now 
study the different terms separately, starting with the first, which we can rewrite as 



E l(f(X tj+1 )-f(X tj ))l[h k (X th ) 

\ k=l 

- lim E n ( (f(X tj+1 ) - f(X tj )) f[ h k (X tk ] 



(3.9) 



k=i 



This is true because of the weak convergence of the finite-dimensional distributions. 
Now we claim that 



E Af(X s ) f] h k (X tk ) = lim E n Af(X a ) f[ h k (X tk ) 



(3.10) 



k=l 



k=l 



for all s > 0, s G D(X). To show this we use the continuous mapping theorem (cf. 
theorem 4.27, [13]). So we first have to study the continuity properties of Af. We have 



lim sup \A n f(x)- Af(x)\=0 for all m > 1 (B2) 

by assumption. For all m > 1 the space (C(B m (0) D (U m ) c ), \\ ■ ||oo) is a Banach 
space, because B m (0) D {U m ) c is compact. The restriction of Af to B m (Q) D (U m ) c is 
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continuous, because according to (lB2p it can represented as a strong limit of elements 
from (C(B m (0) D (U m ) c ), \\ ■ Woo). Let U := n m >iU m . We want to show continuity 
of Af in every x £ U c . For this it is enough to show that for every x G U c there 
exists an m > 1, such that x is contained in an open neighborhood that is a subset 
of _B m+ i(0) fl (U m+ i) c . For this we note that by definition of U there exists for every 



x G U c an m > 1, such that x G B m (0) fl (U m ) c . By assumption flBl 



x g s m (o) n (u m y c s m+1 (o) n (f/ m+ i) c c B m+1 (o) n (f/ m+1 ) c (3.11) 

holds. From this the continuity of Af for every x G U c follows. 
It remains to show that 

F(X s eU) = (3.12) 

for all s > 0,s G 

For this we use the portmanteau lemma (theorem 3.25 [133) anc ^ theorem 12.71 We 
denote by p n the transition density related to P n , the existence of which is guaranteed 
by theorem 12.71 For s > 0, s G D(X) we have 

¥(X S eU)< liminf F n (X s G C/ m ) 

n— »oo 

= liminf / p n (t,X ,y')dy' 

< liminf / sup p n (t,x,y)dy' 

n - > °° a { ->yeR d (3.13) 

< liminf A(J7 m )— ^ [ exp ( -±MReq n (z,o) d£ 

K 

<KUrn)T^n l exp ( -— inf inf Reg n (2,«£)W- 



Using assumption flA4j) we see that the integral in the last line is bounded. Therefore 
the expression in the last line converges to for m — > oo, and we have P (X s G 17) = 
for all s > 0,s G D(X). 

After establishing that at a fixed time t G -D(^0 the process (X t ) t >o is not in a point 
where Af might be discontinuous, we want to show that this is enough for the conver- 

gence of our original term in 13.101 We define g : W +1 — > IR, ^(x) := Af(xj + i) Yl hk{xk)- 

fc=i 

In view of the continuous mapping theorem and the fact that g is bounded and contin- 
uous on U c , we obtain for s > 0, s G D(X) that 

limF( 5 (I s ))=E( ff (I s )), (3.14) 

n— >-oo 

and so 

E U/(X s )n^(^JJ = Ji'.n E" ^A/Mn^^jJ . (3.15) 
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To bring the approximative generators into play we decompose the right side of the 
preceding equation in the following way: 

lim E n ( Af(X s )Y[h k (X tk ] 

lim ( E n ( A n f(X s ) 11 h k (X tk ) )+E n [(A- A n )f{X s ) J] h k (X tk ) ' 



k=l I \ k=l 



We want to obtain further properties of the second term. In fact, for s > 0, s G D(X), 
n6N and m > 1 we have 



\w((A-A n )f(X s )f[h k (X tkJ 



< 



E n l\(A- A n )f(X s ) Yl h k {X 



k=l 
j 

u I v 



<C-E n (\(A-A n )f(X s )\) 
= C-E n (\(A- A n )/(X s )|l ([7mUra)c) (X. 

+ C-E n (\(A- A n )f(X s )\l (Um)cnW (X s ) 

<C\\(A-A n )f\\ 00 -(¥ n (X s eU m ) 

+ P" (x s i Bjti)) ) + C sup | (A - A n )f(x) | 

xe(u m ) c nB m (o) 

<Csup || (A - O/IU ■ fsu P P"(X s e U m ) + 

n>\ \n>l 

su P P"(x s £Bjm) +C sup \(A-A n )f(x)\. (3.17) 

In the preceding chain of inequalities we first argue by Jensen's inequality, then bound 
the product of the bounded functions h k , 1 < k < j, by the constant C > 0. Then we 
split the expectation into a part where X s lies in U m U (I? m (0)) c and a part where X s 
lies in {U m ) c D £> m (0). For the last line assumption f ]B2|) gives 

lim C sup \{A-A n )f{x)\ = 0. (3.18) 

n ^°° xe(c/ m )-nl^(oy 

Finally, we look at the next-to-last line. We have 

sup \\(A - AO/Hoc < P/Hoo + sup ||AJIU < oo, (3.19) 

n>l n>l 



since A/ and also sup || Aj/Hoq is bounded, as we saw in the proof of 13. 1L In conclusion, 

n>l 
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we see that 

lim |E" ((A-A n )f(X s )T\h k (X tl 

\ k=l 

< C sup || (A - An) f Woo ■ (sup ¥ n (X s e U m ) + sup P n (x s $ Bjo)))+ 

n>1 n>1 n>1 V / 



n>l n>l n>l 

C lim sup \{A-A n )f{x) 

n ~*°° xe(u m ) c nB m (o) 



(3.20) 



= C sup || (A - An) f Woo ■ (sup F n (X s e U m ) + sup P" (X s £ B m (0) 

n>l n>l n>l v 

For m — > oo we have supP n (X s G U m ) — > and supP n (X s ^ i? m (0)) — > for almost 

n>l n>l V / 

all s > (up to a set of Lebesgue measure zero). This follows from an argument similar 
to the one in (I3.13P and condition (IRKlj) . which holds in the underlying case. So we 

see that lim |E n ((A- A n )f(X s ) f[ h k (X t ,)) \ = 0. Therefore we obtain 

lim E n \Af(X s )T[h k (X tk )) = lim E n [ A n f(X s ) TT h k (X tk ) ) . (3.21) 

\ k=l / \ k=l / 

Now we summarize our results to show equation (I3.6p . Indeed, 

/ j \ 

E (f(X tj+1 ) - f(X tj ) - j Af(X s )ds)f[h k (X tk 

\ i ^ ) 

= E (if(X tj+1 ) - f(X tj ))p_h k (X tk )j - J E (Af(X s )f[h k (X tk )ds 

j 



lim E n (f(X t ) - f(X t )) Y[ h k (X 

\ k=l 
tj+1 / 3 \ 

J Um E" I Af(X s ) f[ h k {X tk ) j ds 



tj+i 

lim E n 

lim E n ((f(X tj+1 )-f(X tj ))l[h k (X, 



fc=l 

i 

" k ( V 



k=\ 

tj+i 



- J hm \ E n \^A n f(X s ) f[h k (X tl 
+ E n ((A - An)f(X s ) h k (X tk )) ) ds 



k=i 
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lim E n | (f(X t ) — f(X t )) h k (X t 

n— too \ 

\ k=l 

tj+1 / 3 \ 

[ lim E n [ A n f(X s ) TT h k (X tk ) j ds 
r V k=\ / 

3 

lim E n (/(X, j+1 )-/(X, 3 ))n^(X tfc ; 

\ fe=l 

* J+1 / i \ 

-Jim y E n f A n /(X S ) h k (X tk ) j cis 



lim E n 

n—s-oo 



0. 



/ 



f(X h+1 )-f(Xt 



\ 



\ 



A n f{X s )ds 



\ 



\h k {X, 



1 k / 



/ 



k=l 



(3.22) 



Interchanging integrals, expectations and limits are justified by Fubini's theorem and 
dominated convergence. So we can conclude that equation (13.61) holds for all j G N, 
< h < ... < tj < t j+1 and / G V{A),h u . . . ,hj G C(R d ), and so P solves the 
martingale problem associated with A. □ 

Remark 3.3. The solutions obtained in theorem \3.2\ can be shown to be quasi-left con- 
tinuous (theorem 3.12, chapter 4, JE\l), i- e. for every sequence of bounded predictable 

non- decreasing stopping times {r k }k>i with lim r k = r we have P ( lim X Tk = X T ) = I . 

k— >oo \k— >oo / 

This implies that (X t ) t > has a.s. no fixed times of discontinuity under P, and the set 
D(X) of our proof is in fact empty. 



4 Applications of the existence theorem 

All our applications are stated for a one- dimensional setting. Generalizations to mul- 
tidimensional scenarios should be possible. We first discuss the glueing of two Levy 
processes at a threshold where their dynamics meet in a discontinuous way. 



4.1 Glueing together of two Levy processes 
4.1.1 Solutions of the martingale problem 

We consider two independent Levy processes (Lj) t > ,(Lf) t > with symbols q^\q^ and 
generators A^-\A^ . We assume that both symbols satisfy the Hartman-Wintner con- 
dition: 

lim Re / ( ^„ = oo, i G {1, 2}. (4.1) 

KKoo log(l + lei) 1 * K J 
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Now we try to construct a stochastic process which behaves like {L\) t >Q below and 
like (L 2 ) t > above 0. We define Ii := (— oo,0], I2 ■= (0, 00) and 

Af{x) := l h (x)A^f(x) + l h {x)A^f{x),x G R (4.2) 

with / G V(A) := C 6 °°(R). 

Theorem 4.1. The _Dr([0, 00)) -martingale problem associated with A has a solution 
for every initial distribution. 

Proof. We want to apply our general existence theorem. To this end we first have to 
choose an approximating sequence of Feller processes. We define ip : R 2 — > R by 

m ■= <? (1) (6) + <? (2) (6U = (6,6) G (4-3) 

and (j) n : R ->■ R 2 , 

ft):=( S ?(i),^)),ieR l (4.4) 

where 

{0 ,x>l/n 
1-nx ,0<x<l/n (4.5) 
1 ,x < 

and g% = 1 — g™. For n G N one observes that <fi n is Lipschitz-continuous and bounded, 
and ij) is the symbol of the Levy process y{L\ , L 2 )) f>Q , and therefore a continuous 
negative definite function with c = 0. So the two conditions for proposition 12.81 are 
fulfilled for all n > 1. Therefore there exists a sequence of probability measures (P n ) 
for which the canonical process is Feller with generators {A n } n >i, for which C£°(M) C 
D(A n ), n G N, and whose associated symbols are of the form 

q n (x,0 = q W (g?(x)0 + q (2) (g2(x)Q,x,£e R,n > I. (4.6) 

We want to show that this sequence satisfies the conditions of theorem 13.21 One can 
see that condition (|A2[) holds, because there exist C 1 , C 2 , C > 0, such that for £ G R 

g n (x,0=g (1) «(^)0 + g (2) (^(^)0 ( 7) 

< C\l + |<(x)£| 2 ) + C 2 (l + \g n 2 {x)i\ 2 ) < C(l + |£| 2 ). 1 ' ] 

Furthermore condition flAll) holds by the properties of symbols of Levy processes, and 
also condition fl A3[) holds in view of the continuity of and q^ 2 \ To show condition 
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(IA4p . we observe that 

inf Req n (x, £) 



lim inf x 



5|^oon>l log(l + |£|) 

= Um inf inf Reg (1) (^(^)0 + Reg (2) (^(^)0 

|||->oon>la;GR log(l + |£|) 

. r . . , Reg«(a£) 
> lim mm mi - — —r- 

|eKooi6{l,2} I< a <l l0g(l + |£|) 

. . , Re <?«(£') (4-8) 
= lim mm mi ; r- — — 

|C'|->ooie{l,2} |< a <i log(l + 

Re ?»(£') 



> lim min inf 



|?|->ooie{l,2} i< a <i l0g(i(l + 

> lim mm 

- |f'|->ooie{l,2} log(2) + log(l + 

= oo, 

because the Hartman-Wintner condition is satisfied by assumption for the two Levy 
processes and 1 > m&x{g™(x), g^x)} > \ for all x G M, n G N. This shows that 
the condition (lA4j) is fulfilled. Looking at the definition of the operator (A, X>(A)) 
above, we see that the conditions on T>(A) are also satisfied. One observes that for an 
/ G C C °°(M) the relation Af G B(R) holds, because G (7(E) and A (2) / G C(R). 

Now it remains to show that there exists a sequence of open sets {U m } m >i, such that 
lim X(U m ) = and U m +i C £/ m for all m > 1, and 

lim sup |(A n - A)f(x)\ = 0, for all / G T>(A),m > 1. (4.9) 



m— >oo 



n— >oo 



x&B m (0)n(Um) c 

To this end for every mGNwe define U m := (— 1/m, 1/m). Obviously lim X(U m ) = 



m— >oo 



and U m+ i C t/ m . The form of the symbols implies that for / G C^°(M) and n > 
m the equations A n /|(-oo,-i/m] = -4 (1) /l(-oo,-i/m] = A/l^ _i /m] and i4 n /|[i/m,oo) = 
^ (2) /|[i/m.,oo) = 4f|[i/m,oo) hold. Therefore we have \(A n -A)f(x)\ = for all x G (f/ n ) c 
and / G T>(A), and so for all m > 1 

lim sup |(A n -A)/(x)| =0. (4.10) 



xeB m (o)n(U m ) c 



In summary, we have verified all the conditions enabling us to apply theorem 13.21 to 
(A,T>(A)). Therefore the .Dr([0, oo))-martingale problem associated with (A,T>(A)) 
has a solution. 

□ 

4.1.2 Existence of solutions for associated SDE 

We now show that a solution of the martingale problem provides a weak solution of 
the associated SDE. For this purpose, we continue to consider two independent Levy 
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processes (Lj) t > ,(L 2 ) t > . We want to show that under the conditions discussed a 
solution of the martingale problem from theorem 14.11 is also a weak solution of an 
associated SDE. We consider the following SDE 

t t 
X t = X + j l h (X s -)dLl + j l h (X s -)dL 2 ,t>0. (4.11) 
o o 

A weak solution of this SDE will consist of two independent Levy processes (Lj : ' 1 ) i > ,(L*' 2 ) t > 
and a process (X t )t>o, such that the processes are defined and adapted on a filtered prob- 
ability space (Q, J 7 , (.F t ) t >o, P) and such that (L* t ' l ) t >Q = (Ll) t > ,(L* t ,2 ) t > = {L 2 ) t > and 
for all t > 

t t 
X t = X + j l h (X s -)dLf + J l h (X s -)dLf (4.12) 
o o 

holds P-almost surely. 

Theorem 4.2. Let (L}) t > and (L 2 ) t > be two independent Levy processes, which satisfy 
condition (14. ip . Then the stochastic differential equation 

t t 
X t = X + J l h (X s -)dLl + J l h (X s -)dL 2 s ,t > 0, (4.13) 
o o 

possesses a weak solution for every initial distribution. 

Proof. We consider the operator A from the preceding section and aim at showing 
that the solution of the martingale problem associated with A is also (part of) a weak 
solution for the considered SDE. We may represent ion/G D{A) by 



Af(x) = l -a{x)ci 2 J{x) + b(x)d x f(x) 

+ J CfO + y) - /0) - yd x f(x)i^(oj(y))v{x, d y ),xe E. 

M 

with 



(4.14) 



V(x,dy) = l h ( X y(dy) + l h {x)v 2 {dy), (4.15) 

a(x) = l/ 1 (x)a 1 + lj 2 (x)a 2 , and b(x) = li 1 (x)b 1 + li 2 (x)b 2 . Now we define the metric 
space S := M. x {1, 2} C M 2 with metric induced by (R 2 , \\ ■ ||). We observe that every 
B e B(S) can be written as B = B\ x {1} U B 2 x {2}, Bi, B 2 G B(R) in a unique way. 
The first coordinate in S represents the jump height, while the second describes the 
association of the jump with one of the two Levy processes. Now we define v on S as 
v(B) := ^ 1 (-Bi) + is 2 (B 2 ),B G B(S). This measure is cx-finite, because both v x and v 2 
are a-finite. 
Further we define 

C(x,u) := l /l (x)l Rx{ i } (u) + l h (x)l Rx{2} (u),x ER,uE S, (4.16) 
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and j(u) := Ui,u = (mi,m 2 ) G S. One can see that 

V (x,r) = J ((x,u)l r (j(u))v(du),r G B(R). (4.17) 

s 

We decompose S = S 1 U S 2 with Si := [-1, 1] x {1, 2} and S 2 := [-1, l] c x {1, 2}. One 
notices directly that 

1 5 » = l[-i,i]( 7 H) (4.18) 

holds and 

((x,u)>y(u) 2 du + / ((x,u)u(du) < oo (4.19) 



Si 52 

holds for all i£l This is due to the fact that v 1 and v 2 are Levy measures. 
Further 7Z(A) C £>(R) as we observed in the preceding section and for all compact sets 
K C M we have 



sup a(x) + \b(x)\ + / C( a; ) M )7( M ) v(du) + / C( x ; M )|7( M )I A lf(ofai) 

sex \ y y 

5"i tS~2 
< a i + a 2 + | 6 i| + | 6 2| (4.20) 

+ f(l A M V(*/) + /(l A M> 2 (A/) < oo. 



This follows from the properties of the Levy measures z/ 1 , zA Therefore all conditions 
for the application of theorem 12.161 are satisfied. There exists a filtered probability 
space (fl, J 7 , (J r t)t>o,I s ) on which a solution of the martingale problem (X t )t>o, a two- 
dimensional standard Brownian motion (B t )t>o = (Bj , B 2 ) t >o and an independent 
Poisson point process (pt)t>o on S with intensity measure v and associated Poisson 
random measure £ can be defined, such that all three processes are (J-" f )-adapted and 
the equation 

t t t 

X t = X + J a 1 (X s )dB 1 s + J a 2 (X s )dB 2 + J b(X s )ds 



+ J J (l h (X s -)l Rx{1} (u) + l h (X s -)l Rx{2} (u))'y(u)Z(ds,du) (4.21) 

Si 
t 

+ j y*(l/iP^-)lRx{i}(w) + li 2 (X s -)l Rx{2 }{u))j(u)£(ds,du), 



o s 2 



holds P-almost surely with o"i(x) := y/a^li^x), x G M and a 2 (x) := Va?li 2 (x),x G K. 
Now we want to show that the process (X t )t>o is also a weak solution of the SDE 
(I4.13p . To show this we define (Lj' 1 ) t >o and (Ll' 2 ) t >o with the help of the Levy-Ito 
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decomposition in terms of £ and (B t ) t > Q . It makes sense to use the individual compo- 
nents of the Brownian motion (B t ) t > to construct the Brownian motion parts of the 
Levy processes. The question of how to construct the (compensated) jump parts of 
the processes from £ remains. We define 

e{B) := £(B x {1}), e(B) := £(B x {2}), B G B{[0, oo)) ® B(R). (4.22) 

One observes that the random measures thus defined are independent Poisson random 
measures with intensity measures A <E> u 1 , A <S> v 2 - 
So we define 

t t 
L*/ :=bH + VtfBi + J f y?{ds,dy) + J J y^ds, dy), t > 0, i G {1, 2}. (4.23) 

[-1,1]= [-1,1] 

These are independent Levy processes with the triples (a\ b 1 , u l ), % G {1, 2}. So we see 
for t > 



■ *,2 



X + J l h (X s -)dLf + J l l2 (X s -)dL* s 

o o 

t t 

X + J ^T 1 l h (X s -)dB] + J y^l h (X s -)dBl 

o o 
t 

b 1 l h (X s -)ds+ [ b 2 l h (X s -)ds 





t 



J j l h (X s -)yi 1 (ds,dy) + J J l l3 (X,-)y£ 2 {ds,dy) 

[-1,1] [-1,1] 

t t 
J J l h (X 8 -)yt\d8,dy) + J J l l2 (X s -) y e(ds,dy) 

[-1,1]° [-1,1] = 
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X + J ^T 1 l h (X s -)dB] + j ^- 2 l l2 (X s -)dB 

o o 

t t 

b l l h {X s -)ds+ [ b 2 l h (X s -)ds 





t 





l h (X s -)l Rx{1} (u)j(u)£(ds,du) + / / l h (X s -)l Rx{2} (u)-f(u)£(ds,du) 



Si Si 



y y i h (x s -)iM.x{i}(u)j(u)£(ds,du) + y y i7 2 (x s -)i K x{2}(w)7(w)c(^,^) 

S 2 s 2 

(4.24) 

/ t t 

X + y a 1 (X s )rffi s 1 + y a 2 (X s )dB 2 s + J b(X s )ds 
) o o 

l h (X s -)l Rx{1} (u) + l/ 2 (X s -)l Rx { 2 }(M))7(w)|(ds,du) 





t 




Si 



+ y J (l h (X s -)l Rx{1} (u) + l/ 2 (X s -)l Mx{2 }(M))7(M)^(rfs,rfM) 
S 2 

=X t , P-almost surely. 

This shows that 14.131 has a weak solution. □ 

Corollary 4.3. Let (S}) t > and (S 2 ) t>o be two independent symmetric a-stable pro- 
cesses. The stochastic differential equation 

t t 

X t = X + y l h (X s -)dSl + y l h (X s -)dS 2 s (4.25) 

o o 

has a weak solution. 

Proof. Both processes fulfill the condition (14. ip . □ 
4.2 Stable-like processes 

In this subsection we apply our general existence theorem for solutions of martingale 
problems to stable-like processes with discontinuous stability index function. To this 
end we turn to the operator introduced in 12.41 

Af(x):= J (/(x + ! /)-/(x)- ! /^)lhi,i]\{0)(!/))^!/ 1 ^K, (4.26) 
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with / e V(A) = C~(R). We recall that h : R ->■ R is defined via the equation 

1= / (l-cos(y)) r ^L^,xGM. (4.27) 



12/ 



A is a pseudo-differential operator, whose symbol can be written as 

q(x,£) = \Z\ a W,x,£eR. (4.28) 

We will formulate an existence result for the D m d([0, oo))-martingale problem associated 
with A in the case of a not-necessarily continuous parameter function a. 

Theorem 4.4. Let a : R — > R fre a measurable function and let D denote its set of 
discontinuities. If its closure D is countable and 

< inf a(x) < supa(x) < 2, (4.29) 
i/ien £/ie ( [0, oo)) -martingale problem associated to the operator 

Af{x):= J (/(x + y)-/(x)-^/(x)l hl , 1]U0} (y))p^y^,xeM, (4.30) 



with T>(A) = C£°(R) /ias a solution for every initial distribution. 

Proof. We will again show that there exists an approximating sequence of Feller pro- 
cesses so that we can apply theorem 13. 2[ 

First we show that for every function a : R — > R which satisfies the assumptions, there 
exists a sequence of functions {a"} n >i in C (R) and a sequence of open sets {U m } m >i, 
such that 



U m+1 C U m for all m > 1 , lim A(Z7 m ) = 0, (SI) 



< inf inf a n {x) < sup sup a n (x) < 2, (S2) 



lim sup |a n (x) — a(x)| = for all m > 1. (S3) 

n '-^ 00 2 : e[-m,m]n(C/ m ) c 

Construction of the sets t/ m 

We will use concepts from appendix |X] in the setting of the metric space (R, d) with 
d(x, y) := \x— y\, x, y G R. We use basic knowledge about derived sets in the topological 

sense to show that is empty. 

Lemma 4.5. D°° is empty. 
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Proof. Assuming the opposite, we conclude by theorem IA.1I and the fact that D°° is 
closed as an intersection of closed sets, that D has to be uncountable. This is a 
contradiction because D C D and by assumption D is countable. □ 

D°° being empty means by the hierarchy of the i E N, that there exists k > 
such that = for all I > k. So we deduce 

D=\J (p® \D {i+1) ). (4.31) 

i=0 

The construction of the sets implies that each \ _D^ +1 ^ consists of isolated points. 
Because D is countable, we can write it as 

fe-i 

S=U [J K) (4-32) 

i= l<j<ki 

with appropriately chosen dj E D \ D and hi E N U {oo}. The next step is to 
approximate this set with an open set. For m EN define 

fe-i 

U m := |J |J (d}-rf .dj + rf), (4.33) 

«=o l<?'<fci 

with rf' = ^ (l A tZ(dj, for m E N, < z < A; - 1, 1 < j < K 

The sets \ D^ 1 ^ consist of isolated points, so the sets (d* — rj 1 ' 1 , dj + rj 1 ' 1 ) are 
open for all m E N, < % < k — 1, 1 < j < ki. This means that U m is open too. We 
use distributivity of the closure for finite unions of sets to state 

The following lemma will be applied to the sets |J (rf* — r™ - ' 1 , d^ + r™ 1 ' 1 ) of \D^ +1 ^ 

i<j<ki 

for every < % < k — 1. 

Lemma 4.6. Lei (X, d) fre a metric space and A E X be of the form 

A = \jB ri ( Xi ) t (4.35) 

t>i 

where the B ri (xi) are open disjoint balls with centers Xi and radii r i; and let lim = 0. 

i— i-OO 

T/ien we /iawe 

A = \Jl%Jx^)UH, (4.36) 

i>l 

where H is the closure of the set {xi}i>±. 
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Proof. First we have 1J B r .(xi) U H G A, because the closure of a subset stays in the 

i>l 

closure of the set itself. Obviously, A C (J B r .(xi) UH. Now for y G v4\A we know that 

i>l 

there exists a sequence {y n } n >i C ^4 such that lim d(y n ,y) = 0. By the disjointness 

n— >oo 

assumption one can distinguish two cases: either there exists a, k > 1 and an z' > 1, 
such that y n G B r i (xi') for all n > k, and it follows that y G S r , (a^); or for alH > 1 
B r .(xi) contains at most a finite number of elements of the sequence {y n }n>i- I n the 
second case the sequence visits an infinite number of disjoint balls. It follows by a 
2e-argument and the fact that the radii tend to zero that y G H . □ 

We can apply the preceding lemma to each of the terms |J (dj — rj 1 ' 1 , dj + rj 1 ' 1 ) 

i<j<ki 

of the above union. We know that D C U m and therefore the points of accumulation 

k-1 

of {d)}i<j<k,,i<i<k-i are already in (J [j [dj - rj 1 ' 4 , d*- + rf' % ]. Hence 

«=o i<i<fc, 

fc-i 

C=U [J [dj-rj* dj + rf']. (4.37) 

i=0 l<j<ki 

We observe that X(Ui) < oo and X(U m ) < —X(Ui) holds for all m > 1. Additionally 
we have rj 1 " 1 " 1 '* < rj 1 '* for all m > 1 and 0<2</c — l,l<j<A;j. So one recognizes 
that {t/ m } m >i satisfies the condition ([ST]) . 



Construction of the sequence {a n }„>i 

First we fix an m > 1 and consider the restriction cx\[- m ,m]r\U' : °f a - By the Tietze 
extension theorem (p. 62, [23]) we can extend this restriction to a continuous function 
a ( m ) defined on the whole of M, while preserving its supremum and infimum. One can 
also assume that is constant on (— oo, — m) and (m, oo). 

Now we choose a sequence of smoothing kernels {(f>k}k>i as described in the Appendix 
IB1 and approximate a^ m ' for a k > 1 by the convolution a^' k := (cr m ) * 0&). 
The sequence {a ( - m - ) ' fc }/ c >i converges uniformly to on the whole set R because of 
theorem IB.3I and (1B.7[) . Next for e > satisfying min{2 — supa(x), inf a(x)} > e and 

every m > 1 we can choose k m > 1, such that 

sup a (m) ' fc (x) < sup a(x) + e < 2 
inf a {m) ' k (x) > inf a(x) -e > 

for all k > k' m . Then we obtain 

< inf inf inf a (m) ' fc (x) < sup sup supa (m) ' fc (x) < 2. (4.39) 

m - 1 k>k' m a '6 R m>l fe>fc^ xeR 
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All elements of {a^' k }k>i belong to C (R), because every element is constant on 
(— oo, — m — 1/k) and (m + l/k,oo) (cf. flB.7j) ) and continuously differentiable and 
bounded on every bounded interval. Now we want to construct the sequence {a n } n >i 
we are looking for. For every n>lwe choose k n > k n such that 

sup \a (n) ' kn (x) - a(x)\ < l/n. (4.40) 

xe[-n,n]n(U n ) c 

We define 

a n := a^' kn ,n G N. (4.41) 

We notice that {ct„} n >i satisfies condition (132]) in consequence of (I4.39P and condition 
(j53]l because of (jOOJl . 



Application of the existence theorem 

We now deduce the existence of stable-like processes with discontinuous stability index 
function in the sense of a solution of the associated martingale problem. In fact, since 
the sequence of functions {a n } n >i lies in C (R) and (1S2j) holds, we can use theorem 
12.151 and the remarks following the theorem to verify the existence of Feller processes 
associated with the symbols q n (x, f) : = \£\ an( - x \n G N,x,£ G R. Let {A n } n >! denote 
the sequence of associated generators. We want to show that the Feller processes satisfy 
the conditions of theorem 13.21 We define 

a := inf inf a n (x) and a := sup sup a n (x). (4.42) 

n>lx€R n>l xgl 

The symbols q n are all real-valued. For |£| > l,n G N, x G R, we have 

iei a <i^r w <ier, (4-43) 

and for |^| < 1, n G N, x G R the inequality 

\cr<\cr n{x) <\cf (4.44) 



holds. So, by assumption f lS3|) we see that the four conditions (IAlj) .f TA2|) . (IA3j) and flA4j) 
are satisfied. Also TZ{A n ) C C(R),n > 1 (see section|22D and C C °°(R) C V(A n ),n > 1. 
Now we want to show that for the sequence {U m } m >i of open sets we defined in the 
preceding paragraphs the condition flB2p holds. Let x G [ — m, m]r\(U m ) c and / G 22(A). 
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Then for all x G M we have 

\{A»-A)f{x)\ 

(e fa€ (g"(x,0-g(a: ) 0)/(Odei 



< 



< 



< 



l (2 7 r) 1 /2 
1 

(2tt) 1 /2 

1 

(2tt) 1 /2 

1 

(2?r) 1 /2 

1 

(2tt) 1 /2 

1 



|g n (x,0- ?(x,OII/(OI# 

\\cr n{x) -\cr ix) \\mM 



a n {x) 



\i\'*> g \z\dz 



a(x) 



1/(01* 



a»(x)-a(x)||(|e| a +|e| a )log|ei||/(0|de 
^^K(x)-a(x)| 1 1(|^+ log lell 1/(01* 



(4.45) 



<K(x)- a (x)i y c(i+iei 2 )i/(oi*- 

R 

The constant C > in the last line can be chosen independently of x, n, m. For m > 1 
and n — oo the term — a(x)| converges uniformly to zero on [— m,m] fl (U m ) c . 

This implies that condition (IB2[) is also satisfied, and finishes the proof. □ 

Remark 4.7. TTie domain of definition of the operator can be extended by working with 
the bp-closure of the linear span of A (see proposition 3.4, chapter 4, JE/ and Appendix 
3, JEj for an introduction of the concept of bp-convergence). 



A Topological concepts 

Let (X, d) be a metric space. We define the distance of a set A C X to a point x G X 
in the usual way d(x, A) := inf d(x,y). 

y<=A 

Let A C X. We denote by A {1) := {x G X | d(x,^4\{x}) = 0} the set of all 
cluster points of A. We write A^ := A for the closure of A. We recursively define 
A(k+i) ._ ^( fc ))(!) f or all k > 0. And we call these sets the derived sets of A. For 

G N U one can see that A^ k \A^ k+1,> has only isolated points and is closed. The 
derived sets are hierarchically ordered: 

A {k+1) cA {k \ k>0. (A.l) 

A closed A C X which satisfies A C is said to be perfect. One can show that 
4(00) := p| A (k) is p er f ec t. We will use the following theorem. 

fc>0 
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Theorem A.l. A non-empty perfect subset ofM. d is uncountable. 

Proof. See Theorem 2.43, [18]. □ 

B Convolutions and mollifiers 

Basic results on convolutions can be found for example in chapter VI. 3, [23] . 

Definition B.l. We define the convolution f * g of a locally integrable function f : 
M. d — >■ R and a measurable function g : R d — > R with compact support as follows: 



(f*g)(x):= J f(y)g(x-y)dy,xeR d . (B.l) 
We define the support of a function / : R d — > R by 



supp f :={xER d \ f(x) ^ 0}, (B.2) 
e.g. the closure of the set of points, where / is not zero. 

Definition B.2. By a mollifier we understand a function <p £ C°°(R d ) which satisfies 



supp <p C i?i(0), (B.3) 



0dA = l,0>O. (B.4) 

One can derive further mollifiers from existing ones by defining 

(j) k (x) := k(p(kx),x e R d , (B.5) 

for all k > 1. This is a sequence of mollifiers, whose support converges to {0}. One can 
use such a sequence to approximate functions with the help of the convolution. Here 
we consider only the one- dimensional case. 

Theorem B.3. For K > 0, a continuous function f : R — > R can be uniformly 
approximated on any interval [—K,K] by the sequence {(/ * <Pk)}k>i : 

lim sup |(/*&)(z)-/(z)|=0. (B.6) 

fc->oo X <z[-K,K] 

As another property of the convolution of a function / : R — > R with a mollifier 
0fcj k > 1, we note that that for i£l 

(/ * <p k )(x) = C, if f\ (x - 1/k , x+m = C for a C G R. (B.7) 
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C Poisson random measures 



In this Appendix, we follow mainly section 2.3 in [TJ. 

Definition C.l. Let (Q, J 7 , P) be a probability space. A random measure on the mea- 
surable space (S,S) is a function 



such that M(-,u) is a measure for every u G Q and M(B, •) is a random variable for 
every B G S. 

In the following we write M(B) for M(B,-). Now we look at a special class of 
random measures - Poisson random measures. 

Definition C.2. A Poisson random measure N with intensity measure v is a random 
measure on a measurable space (S,S) which satisfies the following conditions for a 
non-trivial ring A G S: 

• if Ai,A 2 G A are disjoint, then N(Ai) and N(A 2 ) are independent, 

• for A G A the random variable N(A) has a Poisson distribution with parameter 



The following theorem will give an answer to the question, under which conditions 
an intensity measure v defines a Poisson random measure in a unique way. 

Theorem C.3. Let v be a a-finite measure on a measurable space (S,S). Then there 
exists a unique in law Poisson random measure M on a probability space (Q, J 7 , P) ; 
such that v{A) = E (M(A)) for all AeS. In this case A = {A G S : u(A) < 00} . 

Proof. See theorem 2.3.6, [T], and theorem 4.1 [9]. □ 

Two random measures Ni, N 2 on measurable spaces (Si, Si), (S 2 , S 2 ) are said to be 
independent, if for all A G S\,B G S 2 the random variables N\(A) and N 2 (B) are 
independent. 

The following assertions can be directly derived from the definition of Poisson random 
measures. If ./V is a Poisson random measure on S with intensity measure v and 
B G S, then N B (A) := N(BC\A), A G S defines another Poisson random measure with 
intensity measure u B (A) := v{B n A), A G S. Further let B u B 2 G S with B 1 f]B 2 = 0. 
Then the random measures N Bl and N Bi are independent. Additionally, consider the 
case in which S can be written as the product of two measurable spaces (Si, £2) and 
(S 2 , S 2 ) such that (S, S) = (Si x S 2 , Si <S> S 2 ) and v = v x ® v 2 with is 2 (S 2 ) < 00 and v\ 
a-finite. Then Ni(A) := N(A x S 2 ), A G S%, is a Poisson random measure on Si with 
intensity measure ^(S^u 1 . 

Now we define a compensated Poisson random measure. 

Definition C.4. Let ^ be a Poisson random measure and v its intensity measure. We 
call 



M :S xVl^R 



(C.l) 



v{A). 




(C.2) 
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In the following | • | denotes the cardinality of a set and A once again the Lebesgue 
measure. A Poisson point process is defined as follows. 

Definition C. 5. Let(S,S) be a measurable space, U := M + x S and U := £>([0, oo))<S><5>. 
Let (pt)t>o be an adapted process on a filtered probability space taking values in S such 
that £ defined by f([0,t] x A) : = |{0 < s < t | £ s e A}\,t > 0,A G S, is a Poisson 
random measure on [0, oo) x S with intensity measure A <8> v. Then we say that (pt)t>o 
is a Poisson point process with intensity measure v and £ is its associated Poisson 
random measure. 

For the definition of stochastic integrals with respect to (compensated) Poisson 
random measures we refer to pQ. 
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